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The totally positive Grassmannian

Definition
M € Ck*n k < n, is totally positive if its maximal minors A;(M) are
positive real numbers.

> Here I € (1) is a subset of k columns, A;(M) its determinant.
» If rk M = k, its row span [M] is in Gry ,, the Grassmannian.

> Totally positive Grassmannian: Gr;% = {[M] : M is totally +ve}.
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Definition
M € Ck*n k < n, is totally positive if its maximal minors A;(M) are
positive real numbers.

> Here I € (1) is a subset of k columns, A;(M) its determinant.
» If rk M = k, its row span [M] is in Gry ,, the Grassmannian.

> Totally positive Grassmannian: Gr;% = {[M] : M is totally +ve}.

» A minimal positivity test needs only dim (/}\rkm =k(n—k)+1
minors ... chosen carefully!
k=2: A1302 = A1pAzs + A14A23
> Gri?, = G172 decomposes into cells NM% N Gr7?, indexed by
positroids (TE#FE) P C (7).
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POSitl’Oid varieties Postnikov '06", Knutson—Lam—Speyer '13,...

To compute a positroid, use a Postnikov diagram / dimer model:

n=7

P = {0p : p perfect matching}
— {157,235,...}

k=l|opl =3

C~ = {target labels}
= {135,235,157,...}

F~ = {boundary target labels}
= {145,156,167,...}

Ns ={A;=0forall /¢ P, Ay#0forall Je F }



Mg, ={A;=0forall ¢ P, Ay#0forall J e F*}
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Theorem (Galashin—-Lam '23)

(C[ﬂ | has two natural cluster algebra structures:
one cluster algebra /p, two isomorphisms n* : a/p = C[ns].

Theorem (P '23*, conj. Muller-Speyer '17)

The cluster structures n* : o/p (C[ﬁ;’;] quasi-coincide.

Casals—Le-Sherman-Bennett—Weng '237: alt. proof
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Target-labelled structure
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Categorification, part 1: combinatorics arXiv:1912.12475

A = C(Q)/(dimer relations)

r'e — ehe
( f\/l i;c?tﬂ,RngA

& /* CMB = {X € mod B : gX free + f.g.}
\\T . gproj CM B = {X € CM B : Extz%(X, B) = 0}

Theorem (P '22)

For each (connected) positroid P, the Frobenius exact category
gproj CM B categorities the cluster algebra </p.

> Key fact: A is internally 3-Calabi-Yau.
> ginjCM B = {X € CM B : Extz%(B", X) = 0} also categorifies.
» gproj CM B ~ ginj CM B, but different subcategories of CM B!
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Categorification, part 2: geometry arXiv:2106.15924

» Jensen—King—Su '16: categorification CM C of C[C/}}km], with
M; € CM C for each A.
Theorem (Canakgi—King—P '24, P '22)
» CMB— CMC, with Mje CMB < | € P.
> M, € gprojCM B <= A, is an n"-cluster variable (source labelled).

> M, € ginfCM B <= A, is an = -cluster variable (target labelled).
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Proving the Muller-Speyer conjecture arXiv:2307.13369

» Reduce (geometrically) to connected positroids, for access to
categorifications.

» Key fact: inclusions induce derived equivalences

DP(gproj CM B) —~— D"(CM B) +~— DP"(ginj CM B)
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Proving the Muller-Speyer conjecture arXiv:2307.13369

» Reduce (geometrically) to connected positroids, for access to
categorifications.

» Key fact: inclusions induce derived equivalences
DP(gproj CM B) —~— D"(CM B) +~— DP"(ginj CM B)

» Main step: show that the composition is a quasi-cluster functor
(Fraser—Keller '23).

> E.g. induced equivalence gproj CM B = ginj CM B takes initial
cluster-tilting object T+ to reachable cluster-tilting object Q2T .

Theorem (P '23*, conj. Muller-Speyer '16)

The cluster structures n* and n~ quasi-coincide.

» Independent proof: (Casals—Le—Sherman-Bennett—-Weng '231)
Inspired by symplectic topology!


https://arxiv.org/abs/2307.13369

Computation

> Let X € ginjCM B, compute syzygy QX.
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> Let X € ginjCM B, compute syzygy QX.

» Then QX € gprojCM B (CKP '24), so compute cosyzygy here.
» This gives QX € gprojCM B, and P, @ € proj B.

> Get X = (Q — P @ XQX) in D’(CM B), and hence
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> Let X € ginjCM B, compute syzygy Q.X.

» Then QX € gprojCM B (CKP '24), so compute cosyzygy here.
» This gives QX € gprojCM B, and P, @ € proj B.

> Get X & (Q — P @ XQX) in D’(CM B), and hence

\V] ~
Wy = wmxw—” € C[A%]
Q
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> Let X € ginjCM B, compute syzygy Q.X.

» Then QX € gprojCM B (CKP '24), so compute cosyzygy here.
» This gives QX € gprojCM B, and P, @ € proj B.

> Get Myis7 = (Mzg7 — Mis7M3s7) in DP(CM B), and hence

i\ N
Wy = WZQX\TP € C[A%]
Q

for W the cluster character.



Computation

0 —— Mzye —— Mig7r & Mzgs —— Mis7 —— 0

H I |

0 —— Mz —— Mze7 © Mzgs —— Mzs7 —— 0

> Let X € ginjCM B, compute syzygy QX.

» Then QX € gprojCM B (CKP '24), so compute cosyzygy here.
» This gives QX € gprojCM B, and P, @ € proj B.

> Get Mis7 = (Mzg7 — Mis7M3s7) in DP(CM B), and hence

8 = A157 S (C[ﬁ%]

for W the cluster character.






